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Decoherence of scalar cosmological perturbations
Mariano Franco∗ and Esteban Calzetta†
Departamento de Fisica, FCEN-UBA and IFIBA-CONICET, Pabellon I, 1428, Buenos Aires, Argentina
In this paper we analyze the possibility of detecting nontrivial quantum phenomena in observa-
tions of the temperature anisotropy of the cosmic background radiation (CBR), for example, if the
Universe could be found in a coherent superposition of two states corresponding to different CBR
temperature self-correlations. Such observations are sensitive to scalar primordial fluctuations but
insensitive to tensor fluctuations, which are therefore converted into an environment for the former.
Even for a free inflaton field minimally coupled to gravity, scalar-tensor interactions induce enough
decoherence among histories of the scalar fluctuations as to render them classical under any realistic
probe of their amplitudes.
1. INTRODUCTION
According to the inflationary paradigm [1, 2], not only primordial cosmological fluctuations are quantum in origin,
but they are also created in a highly non-classical state [3–6]. This raises the tantalizing possibility of uncovering
nontrivial quantum behavior through cosmological observations. However, no known cosmological probe would reveal
the actual quantum state of primordial fluctuations: all known methods of observation focus on a restricted set of
properties of those fluctuations, thus leaving a remainder which must be traced over. Therefore, to discuss nontrivial
quantum behavior we have to consider not only the quantum features of the cosmological fluctuations, but also the
loss of quantum coherence induced by the partial description appropriate to the observation in question.
In this paper we take as example the case of observations of the amplitudes of the temperature anisotropy of the
cosmic background radiation (CBR). An example of such an observation is the determination of the temperature
self-correlation. The temperature fluctuations are determined by the scalar cosmological fluctuations. Unlike the case
when CBR polarization is being observed, tensor perturbations affect the result only through their action on the scalar
ones. Therefore in the observation of CBR temperature fluctuation amplitudes, we must regard tensor fluctuations
as an environment coupled to the system of interest, namely the scalar fluctuations.
The coupling between the system and its environment induces decoherence in the former [7, 8]. Adopting the Hartle-
Gell-Mann consistent histories approach to quantum mechanics [9, 10], we ask whether it is possible to observe the
coherence between different histories of the scalar fluctuations, after tracing over the tensor fluctuations. We shall only
consider the coupling between these fluctuations demanded by general relativity. We represent all matter fields by a
single free scalar inflaton field, minimally coupled to gravity. After identifying the relevant gauge invariant variables
and imposing the Newtonian gauge conditions (see below), the momentum constraints of general relativity relate the
inflaton field to the single scalar degree of freedom in the metric, so there is only one gauge invariant scalar degree of
freedom in the theory. This scalar field is coupled to the graviton field, which after making the graviton polarization
explicit may also be described by two scalar fields. We disregard vectorial perturbations.
Our conclusion is that the decoherence induced by tensor perturbations is strong enough to erase any traces of
quantum behavior in the scalar fluctuations, given any realistic observational scenario by today’s standards. To this
extent, our findings are consistent with other treatments of the issue in the literature, based on different system-
environment splits, or else on averaging over the decaying mode of the cosmological fluctuations [11–20].
Within the Gell-Mann and Hartle formalism one has the freedom to take any pair of histories to compute the
decoherence functional. We choose these histories to answer if quantum effects in the CBR spectrum can be detected.
To link scalar perturbations with temperature fluctuations in CBR we use the Sachs-Wolfe effect [1, 21, 22]. But this
is only valid in the recombination era, to link the amplitude of scalar perturbations with the inflationary period we use
Bardeen’s conservation law [23, 24] and later we can replace the scalar perturbations in inflation by the fluctuations in
CBR. Then, we finally compute the decoherence induced by the gravitons on two histories of the CBR fluctuations and
we see how much this histories can differ of the observed Harrison-Zel’dovich spectrum in order to see the quantum
effects in the CBR fluctuations.
This paper is organized as follows. In Section II we compute the interaction between the scalars and tensors modes
which is necessary to calculate the decoherence functional (the details of calculations are left to the Appendix B.3).
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2Section III is devoted to compute the decoherence functional (details of the calculation are given in Appendix C),
and we compare our results with several works mentioned above. Finally, Section IV contains our conclusions. In
Appendix A we give a brief summary of the Hartle- Gell-Mann approach, mainly to fix our notation. For the same
reason, a brief summary of inflation, gauge invariant cosmological perturbations and their link to CBR temperature
is given in Appendix B. We use units such that ~ = c = kB = 1 and G = m
−2
pl .
2. INFLATION AND COSMOLOGICAL PERTURBATIONS
The aim of this work is to calculate the decoherence suffered by the scalar perturbations due to its interaction with
the tensor perturbations in the inflationary stage of the Universe. For such calculation it is necessary to find the
interaction between the perturbations. In this section we calculate the interaction between scalar and tensor modes
using the ADM formulation of General Relativity [25]. Later we compute the free action of the tensor perturbations and
the Hadamard propagator [26] associated to them. We will use the Newtonian gauge to the cosmological perturbations
[24] (see Appendix B.2 to details).
2.1. Scalar-Tensor interaction
The calculation of interaction between scalars and tensor perturbations was performed using the ADM formulation
of general relativity [25]. The total action in this formulation is the Einstein-Hilbert action for gravity together with
the Klein-Gordon action for the inflaton. Our notation is explained in full in Appendix B.
Using (B20) in equation (B23) we obtain one equation that links the scalar modes [24]
φ′ +Hφ = 4πm−2pl ϕ′0δϕ (1)
Then, in the Newtonian gauge a single degree of freedom remains a scalar. Now all we have to do is to find the
coupling between this perturbation and tensor modes.
We compute the interaction between one graviton and two scalars [27, 28]. A complete treatment is done in
Appendix B.3.
Combining (B26), (B27), (B28) and (B29) we obtain
Sint =
∫
d4xJijhij (2)
Jij =
1
2
m2pla
2(η)
[(
1 + 16m2plH˜
2ϕ′−20
)
φ,iφ,j + 16m
2
plϕ
′−2
0 φ
′
,iφ
′
,j + 32m
2
plH˜ϕ
′−2
0 φ,iφ
′
,j
]
(3)
This is the coupling current that is used to calculate the decoherence induced on the scalar tensor modes. But to do
this is also necessary to calculate the Hadamard propagator: the equation (A7) shows that the decoherence functional
is written in terms of the Hadamard propagator and to compute it requires first to find the free action for the tensor
perturbations.
To second order in hij , the free action of the gravitons is the Klein-Gordon action for tensors hij
Sfree =
m2pl
4
∫
d4xa2(η)
[
h′ijh
′
ij − hij,khij,k
]
(4)
The free dynamics of the gravitons is described in terms of their physical degrees of freedom [12]
hij(η, x) =
1
mpl
∫
d3y[G+ij(x− y)h+(η, y) + (+↔ ×)] (5)
where + and × are the graviton polarizations and
G+ij(x− y) =
∫
d3k
(2π)3
eik(x−y)A+kij (6)
3The matrix Aij verifies
A+kii = kiA
+k
ij = A
×k
ii = kiA
×k
ij = 0 (7)
and h(η, y) obeys
h′′ + 2
a′
a
h−∇2h = 0 (8)
where the scalar field h(η, y) is in the usual Bunch-Davis vacuum state.
The Hadamard propagator is defined as
G1(η, y; η
′, y′) = 〈h(η, y)h∗(η′, y′) + h∗(η, y)h(η′, y′)〉 (9)
It results
G1(η, y; η
′, y′) =
∫
d3k
(2π)3
1
2k
{
(1 +
1
k2ηη′
) cos[k(η − η′) + k(y − y′)] 1
k
(
1
η
− 1
η′
) sin[k(η − η′) + k(y − y′)]
}
(10)
In the next Section we compute the decoherence functional using the results developed in this Section together
with the results of Appendix B.4. In this Appendix we relate scalar cosmological perturbations to CBR temperature
fluctuations. This allows us to rewrite the decoherence functional in terms of an observable.
3. DECOHERENCE FUNCTIONAL
The Hartle Gell-Mann formalism lets us choose between the histories involved in the decoherence functional. In this
work we wish to choose histories representing different outcomes regarding the CBR temperature. Since nonlinear
effects are small, the CBR temperature is determined by the scalar perturbations, and these evolve as a nearly free
field. Therefore we assume histories where the single gauge invariant scalar perturbation φ(η) allowed in the Newtonian
gauge evolves as a free perturbation, as described in Appendix B, while tensor perturbations are totally unspecified.
Such a history is determined by the amplitudes aˆk and aˆ
†
k in eq. (B37), which we determine as follows. Observe
that we envisage a situation where the amplitude of the temperature anisotropies may be detected, but not the phases
of individual modes. Therefore we write the amplitudes aˆk and aˆ
†
k in terms of absolute value and phase as [26, 29]
aˆk →
√
L3fke
iθk (11)
where fk is a stochastic function that depends on the k mode and θk is a phase that depends on the mode and takes
random values between 0 and 2π. By assuming independent phases for different modes within a given resolution (see
below, eq. (19)) this ansatz reproduces a translation invariant correlation function for the temperature fluctuations.
The L3 factor is the co-moving volume where the stochastic functions are defined and it is taken as the volume where
the inflaton field is homogeneous at the beginning of inflation. This volume can be estimated using the slow-roll and
vacuum dominance conditions (we have used that ai ≡ 1, with this convention the co-moving and physical volume
are equals at the beginning of inflation),
(∇ϕ)2 << V (ϕ)⇒ ϕ2/L2 << V (ϕ)
and replacing the inflaton field by (B7) and the potential energy by (B8) we obtain
L >> 1/(
√
ǫH) (12)
Therefore, introducing (11) in the scalar perturbation and expanding in Fourier modes equation (B40) we obtain
for each mode
4φk(ηi)e
ikηefk = − ϕ˙
2
V (ϕ)
δTk
T0
(13)
With this last equation we can relate the scalar perturbation modes during inflation with the CBR anisotropies,
which is an observable magnitude.
We start the decoherence functional computation by writing it in terms of the coupling current, the Hadamard
propagator and the polarization tensors of the gravitons as
Im(SFI) =
∫
d4x d4x′
∫
d3y d3y′
∫
d3k
(2π)3
d3k′
(2π)3
d3k′′
(2π)3
eik(x−y)e−ik
′(x′−y′) 1
m2pl
AkijA
k′
lmCij(x)Clm(x
′)G1k′′ (η, y; η
′, y′)
(14)
where Cij(x) = J
1
ij(φ
1(x)) − J2ij(φ2(x)) is the difference between the two histories involved in the decoherence
functional.
We develop the interaction between the scalar and tensor modes into Fourier modes using that when φk is within
the horizon it verifies φ′k = ikφk (see Appendix B.4). Each coupling current has a series expansion as follows
Jij(x) =
m2pl
2
a2(η)
∫
d3q
(2π)3
d3p
(2π)3
qipjAˆqp
[(
1 + 16m2plϕ
′−2
0 H
)− 16m2plϕ′−20 qp+ i32m2plϕ′−20 pH] (15)
with Aˆqp = φˆq(x)φˆp(x), and the scalar perturbation has a development as
φˆ(x) = φ∗q(η)e
iqxaˆ−q + φq(η)e
−iqxaˆ+q (16)
Replacing this development in the decoherence functional and taking the product Cij(x)Clm(x
′) we obtain,
Im(SIF ) =
∫
d4xd4x′d3yd3y′
d3k
(2π)3
d3k′
(2π)3
d3k′′
(2π)3
d3q
(2π)3
d3p
(2π)3
d3q′
(2π)3
d3p′
(2π)3
AkijA
k′
lmqipjq
′
lp
′
me
ik(x−y)eik
′(x′−y′)G1k′′ (y, η; y
′, η′)m4pla
2(η)a2(η′)
[
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 qp+ i32m2plϕ′−20 pH
]
(η)
[
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 q′p′ + i32m2plϕ′−20 p′H
]
(η′)
{
φ∗q(η)φ
∗
p(η)φq′ (η
′)φp′ (η
′)ei(q+p)xe−i(q
′+p′)x′ (aˆ−1q aˆ
−1
p − aˆ−2q aˆ−2p )(aˆ+1q′ aˆ+1p′ − aˆ+2q′ aˆ+2p′ ) + other comb
}
(17)
where other comb refers to all possible combinations of the product of the four φ alternating conjugated and
conveniently changing the sign of the exponential in the creation and destruction operators. Using all the possible
combinations sixteen terms are obtained. From here on we develop one of those terms only, the computation of the
other terms is fully analogous.
Now it is convenient to integrate in d3y and d3y′, because only the Hadamard propagator (via sines and cosines
of ky and k′y′) and the exponentials in the tensors polarization depend on these variables. For this it is suitable to
write the propagator as
G1k′′ =
1
m2pl
[
αk′′
(
eik
′′(y−y′) + e−ik
′′(y−y′)
)
+
βk′′
(
eik
′′(y−y′) − e−ik′′(y−y′)
)]
(18)
5where αk = k
−1(1 + k−2η−1η′−1) and βk = k
−2(η−1 − η′−1).
Integrating in d3y y d3y′ arise Dirac’s deltas combining the modes k, k′ and k′′ (see (C1)). After using this deltas
to reduce the number of modes (only k′′ remains and we recall it as k to simplify) it is convenient to integrate in d3x
y d3x′ using the Fourier expansion of each φ. This is shown in (C2). With this integration appear a second term with
the same combination of modes φk and φ
∗
k and is due to the emergence of different deltas to integrate in the mode
that developed the Hadamard propagator.
Next we approximate the phase factors by their expectation value according to the rule
ei(θq−θq′) ≈
〈
ei(θq−θq′)
〉
≈ 1⇔ |q− q′| << δq′ (19)
and 0 otherwise. Here δq′ denotes our resolution in momentum space. We assume δq′ ∼ √ǫH ∼ L−1, where L has
been defined in eq. (12).
After this we rewrite the decoherence functional in terms of fluctuations in the temperature of the CBR through
(13). This is done in equation (C4).
The next step is to consider the histories involved in the decoherence functional. These histories are parameterized
by CMB fluctuations. We consider histories which lead to identical CBR temperatures except in a small window in
mode space. One of these histories leads to the usual Harrison-Zel’dovich spectrum (δ2T (k) ∼ |k|−3/2, see eq. (21)
below) and the another history (δ1T (q)) remains unspecified. The window is centered at q0, where this mode left
the horizon at some moment of inflation, |q0| ∼ aqH , where aq is the scale factor when q0 crosses the horizon. This
window has a width δq0 ∼ ∆l/rLS , being ∆l the range of multipoles included in the window and rLS the co-moving
distance to the last scattering surface. This distance is rLS =
∫ t0
trec
a−1(t)dt, where t0 is the present time, trec is the
recombination time and the scale factor is
a(t) = e60
Treh
T0
(
t
t0
)2/3
(20)
where Treh ∼ 1016GeV is the reheating temperature and T0 ∼ 10−4ev is the present temperature. This renormal-
ization is to be consistent with the previous definitions, ai ≡ 1 and af ∼ e60. The distance to the last scattering
surface results rLS ∼ e6010−29t0, with t0 ∼ 1017s ∼ 1042GeV −1.
The computation of the decoherence functional for these histories is long but straightforward; we give details in
Appendix C. To write down the final result, let us introduce the scale-invariant (Harrison-Zel’dovich) temperature
spectrum
δTHZ [q] = T0
Nφ
q3/2
(21)
where Nφ ∼ 10−5. The decoherence functional is
Im(SIF ) ≈
m2plǫ
4
H4
N2φL
3(δq0)
3 I(q0)
q30
[
δT1 − δT2
δTHZ
]2
(q0) (22)
I(q0) is given in eq. (C9). A numerical analysis shows that I(q0)/q
3
0 is essentially constant; it can be substituted
by a numerical factor of the order of 1078 (omitting the H
2
ǫ2 factor that comes from the parameterization). We use
this factor to complete the calculation of the decoherence functional.
Finally, we have that
Im(SIF ) ≈ 1078
m2plǫ
2
H2
N2φ L
3 (δq0)
3
[
δT1 − δT2
δTHZ
]2
(q0) (23)
To estimate the numerical factor that involves m2plǫ
2H−2 we take mpl ∼ 1019GeV , H ∼ 1013GeV and ǫ ≈ 10−2.
Furthermore, we replace the factors δq0 ∼ ∆l/rLS and L ∼ 1/(
√
ǫH).
Then, the decoherence functional results
6Im(SIF ) ≈ 1079∆l3
[
δT1 − δT2
δTHZ
]2
(q0) (24)
Analyzing those results we see that decoherence is most effective for modes leaving the horizon towards the end of
inflation.
4. CONCLUSIONS
In this paper we have computed the decoherence functional between two histories of the Universe where scalar
primordial fluctuations evolve in a prescribed way while tensor fluctuations are regarded as an environment. This
decoherence functional is relevant to the question of whether it is possible to detect nontrivial quantum behavior
in observations of the CBR temperature alone (that is, blind to CBR polarization). Our result implies that such
detection is unrealistic by today standards. Because of the well known triangle inequality, we expect the same would
obtain if the scalar fluctuations were regarded as an environment for the tensor ones.
This finding is consistent with earlier analysis of decoherence of cosmological fluctuations [11–20]. We hold this paper
is an advance with respect to those earlier analysis because our system-environment split is related to the features of a
realistic observational scheme, rather than just being assumed. Moreover, we make no ad-hoc assumptions regarding
the model, since the only coupling we are considered is demanded by general relativity. The present work is probably
closest to [12], but goes beyond it in that the proper gauge invariant degree of freedom is identified, rather than just
the inflaton field.
Finding tangible proof of the quantum nature of our Universe is one of the most fascinating challenges faced by
Cosmology today. We believe our result should not be read in a negative way but rather in a positive one, as pointing
to the direction in which a successful scheme could be found. We are continuing our research with this goal in mind.
This work is supported by the University of Buenos Aires, CONICET and ANPCyT. We acknowledge valuable
discussions with D. Lopez Nacir, F. Lombardo and F. D. Mazzitelli.
Appendix A: Decoherence Functional
In this section we give a quantitative discussion of decoherence. To calculate the loss of coherence induced on the
scalar tensor modes which are in the FRW metric we use the decoherence functional developed for Gell-Mann and
Hartle [9, 10]. We give a brief description of closed quantum systems including the decoherence term that is related
to the classical sum rule of probabilities to different histories of a closed quantum system.
In the consistent histories description there is a subset of configuration space variables that are distinguished (ψ,
system) while another subset is ignored (ξ, environment). An individual coarse-grained history is described by the
path ψα(t) along with all possible paths ξα(t).
When the probability of each history can be assigned individually, the system behaves like a classical one and we
say it has decohered. This means that the quantum interference between this set of histories is negligible and the
probability of reaching the same final state through two different stories is the sum of probability of each history. The
interest in finding histories that have undergone decoherence lies in the fact that these histories will be the ones that
describe the classical domains.
One way to measure the decoherence suffered by two histories is through the decoherence functional (D), which is
[9, 10]
D(α, α′) =
∫
α
Dψ1
∫
α′
Dψ2 δ(ψf − ψ′f )eiS0(ψ
1)ρs(ψi, ψ
′
i)e
−iS0(ψ
2)
×
∫
dξi dξ
′
i
∫ ξ1
ξi
Dξ1
∫ ξ2
ξ′i
Dξ2 δ(ξ1 − ξ2) ei[SE(ξ1)+SI(ψ1,ξ1)]ρE(ξi, ξ′i)e−i[SE(ξ
2)+SI(ψ
2,ξ2)] (A1)
where S0 is the free action of the system, SE is the action of environment, SI is the action for the system-environment
interaction and ρ0 and ρE are the system and environment density matrices respectively. It is assumed that the system
and environment are initially uncorrelated and therefore density matrix can be factorized.
7The influence functional (F ) is obtained through the integration of two final states of environment that are the
same, ie ξ1 = ξ2 = ξ [26, 30]
F (ψ1, ψ2) = eiSIF =
∫
dξ
∫
dξi dξ
′
i
∫ ξ
ξi
Dξ1
∫ ξ
ξ′
i
Dξ2
ei[SE(ξ
1)+SI(ψ
1,ξ1)]ρE(ξi, ξ
′
i)e
−i[SE(ξ
2)+SI(ψ
2,ξ2)] (A2)
Therefore, the decoherence functional is
D(α, α′) =
∫
α
Dψ1
∫
α′
Dψ2 δ(ψf − ψ′f )
eiS0(ψ
1)ρs(ψi, ψ
′
i)e
−iS0(ψ
2) eiSIF (ψ
1,ψ2) (A3)
The weak decoherence condition is recovered when
e−Im[SIF (ψ
1,ψ2)] << 1 ⇒ Im[SIF (ψ1, ψ2)] >> 1 (A4)
If the interaction between system and environment can be written by a current coupling as
SI(ψ, ξ) =
∫
d4x J(ψ(x))ξ(x) (A5)
and the environment corresponds to free fields, then the influence functional can be written in terms of Jordan and
Hadamard propagators as [26]
SIF (ψ
1, ψ2) =
i
4
∫
d4xd4x′
[
J(ψ1)− J(ψ2)] (x) [J(ψ1) + J(ψ2)] (x′)G(x, x′)+
+
i
4
∫
d4xd4x′
[
J(ψ1)− J(ψ2)] (x) [J(ψ1)− J(ψ2)] (x′)G1(x, x′) (A6)
Since the currents J(ψ) are real, all we need to consider to find the real part of the decoherence functional are
propagators: the Jordan propagator (G) is imaginary while the Hadamard propagator (G1) is real. Considering the
factor i before the influence functional, the imaginary part can be written as,
Im(SIF ) =
1
4
∫
d4x d4x′
[
J(ψ1(x)) − J(ψ2(x))] [J(ψ1(x′))− J(ψ2(x′))]G1(x, x′) (A7)
This is the expression to be computed to determine the decoherence of the scalar perturbations during inflation. It
requires calculating the coupling current between the graviton and scalar fluctuations. This is the subject of the next
Appendix.
Appendix B: Inflation and cosmological perturbations
1. Quick review of Inflation
A period of accelerated expansion of early Universe, inflation, is proposed to resolve several inconsistencies existent
in the standard Big Bang theory [2, 31]. The necessary condition achieve an accelerated expansion is p = −ρ.
8This condition yield the De-Sitter stage when the scale factor, which describes the evolution of the Universe, grows
exponentially, a ∼ eHt.
This stage of evolution is dominated for the scalar field called inflaton (ϕ). Its energy density and pressure are
given for
ρ =
1
2
ϕ˙2 + V (ϕ) ; p =
1
2
ϕ˙2 − V (ϕ) (B1)
where V (ϕ) is the potential energy of the inflaton.
In a expanding, homogeneous and isotropic space-time described for the plane FRW metric ds2 = −dt2 + a2(t)dx2,
the inflaton follows the field equations,
H2 =
8π
3m2pl
[1
2
ϕ˙2 + V (ϕ)
]
(B2)
ϕ¨+ 3Hϕ˙+
∂V
∂ϕ
= 0 (B3)
where H = a˙/a is the Hubble factor (approximately constant during inflation) and mpl is the Planck mass. To
reached the necessary amount of inflation the number of e-foldings, N ≡ log afai , must be N > 60.
The inflationary condition requires a sufficiently flat potential so that the potential energy dominates over the
kinetic energy, ϕ˙2 < V (ϕ). This condition, known as slow-roll, is satisfied if
ǫ =
m2pl
16π
(
V,ϕ
V
)2
<< 1 (B4)
ζ =
m2pl
8π
V,ϕϕ
V
<< 1 (B5)
where ǫ and ζ are the so-called slow-roll parameters.
Using equation (B4) to rewrite V,ϕ in terms of ǫ and neglecting the ϕ¨ term in (B2), the first slow roll parameter
can be writer in terms of the kinetic and potential energies as
ǫ ≈ ϕ˙
2
V
(B6)
Now, using that V = m2ϕϕ
2 in (B4) the inflaton field results
ϕ = mpl/
√
ǫ (B7)
and the Hubble factor is
H ∼ mϕ√
ǫ
(B8)
It is convenient to define the conformal time, dt = adη, as
− 1
aH
= η (B9)
A derivative with respect to η is denoted by f ′. We also define H = a′/a = aH .
Using the conformal time and the slow-roll parameters equation (B3) comes
ϕ′ ≈ √ǫmpl
η
(B10)
We will use those equations in next subsections and in the section four for the calculation of the decoherence
functional.
92. Invariant cosmological perturbations
Perfectly homogeneous and isotropic space-time is only an idealization. This description can not explain the large
structures observed in the Universe. One way to achieve a satisfactory explanation for the structure distribution is
to include small perturbations in the FRW metric.
We will work with inhomogeneous small perturbations which are consistent with an inhomogeneous matter distri-
bution and we will consider only lineal perturbations about the fields,
ζ = ζ0(t) + δζ(t, x) (B11)
The linear part of the perturbed FRW metric is [24],
ds2 = a2(η)
{
(1 + 2φ)dη2 − 2(Si +B;i)dxidη
− [(1 − 2ψ)γij + Fi;j + Fj;i + 2E;ij + hij ] dxidxj
}
(B12)
where the ; sub index is the covariant derivative respect to the background space-time γij and a(η)dη = dt is the
conformal time. In the flat FRW space-time γij = δij and therefore the covariant derivative is the usual one.
The perturbations can be split into scalar, vector and tensor components according to their properties transforma-
tions in the spatial hyper surfaces. The scalar perturbations are φ, B, ψ and E.
The vector component is given by S and F which satisfies S;ii = F
;i
i = 0. The symmetric tensor hij gives tensor
perturbations with the constrains hii = 0 and h
;j
ij = 0.
Those variables are gauge dependent. To describe the inhomogeneities of the universe through linear perturbations,
we must first distinguish which of the quantities have a well defined physical interpretation, not related to a change
of coordinates or a change in the system of reference. There is an infinite number of invariant quantities, but two
commonly used are [24]
Φ = φ+
1
a
[(B − E′)a]′ ; Ψ = ψ − a
′
a
(B − E′) (B13)
The reason for choosing these quantities is that in the Newtonian gauge, B = E = 0, the two gauge invariant
quantities coincide with the scalar perturbations in the metric that were not canceled, Φ = φ and Ψ = ψ. Moreover,
when the spatial part in the perturbation of the energy moment tensor is diagonal, the scalars perturbations φ and
ψ are equal and only one scalar degree of freedom in the metric remains. Furthermore, a scalar quantity that is not
included in the metric is already gauge invariant.
Regarding the tensor perturbations, they are gauge invariant for definition. Having zero trace and divergence, they
do not have quantities that transform as scalars or vectors.
To get the scalar-tensor interaction we first must reduce the freedom degree of the scalar perturbations using the
constraint that imposes the Newtonian gauge. In this gauge, where B = 0, all terms of superior order in B will
be canceled after we take its variation on the action, then is only necessary develop to linear order in terms of the
perturbation B.
The translation of the ADM parameterization of the metric in terms of gauge invariant variables is as follows. The
shift function is
Ni = a
2B,i (B14)
the lapse function is
N2 −NiN i = a2 (1 + 2φ)
N2 = a2 (1 + 2φ+B,iB,i)
N ≈ a
(
1 + φ− 1
2
φ2
)
(B15)
and the extrinsic curvature tensor is
10
Kij = a
{
(1 − φ)Bij −(3) ΓkijB,k [φ′ (1− 2φ)H−
φφ′ + φ (1− 2φ)H3
2
φ2H
]
δij
+
(
−1 + φ− 3
2
φ2
)
Hhij + 1
2
(
−1 + φ− 3
4
φ2
)
h′ij
}
(B16)
where
Γkij =
1
2
gkl (gil,j + gjl,i − gij,l) (B17)
is the spatial part of Christoffel’s coefficients with
gij = −a2(η) [(1− 2φ)δij + hij ] (B18)
the spatial part of the plane perturbed metric without vector perturbations.
In the Newtonian gauge only one scalar perturbation in the metric remains. Now we need to find how this
perturbation couples to perturbations on the inflaton field. To do this, it is necessary to give the perturbations in the
energy-momentum tensor due to the perturbations in the inflaton field. Those are
δT 00 = a
−2[−ϕ′20 φ+ ϕ′0δϕ′ + V , ϕa2δϕ] (B19)
δT 0i = a
−2ϕ′0δϕ,i (B20)
δT ij = [ϕ
′2
0 φ− ϕ′0δϕ′ + V,ϕa2δϕ]δij (B21)
To find the dynamics of perturbations is need develop the Einstein’s equations to linear order. The detail of this
derivation is given in [24]. The perturbed equations in the Newtonian gauge are
− 3H(Hφ+ φ′) +∇2φ = 4πm−2pl a2δT 00 (B22)
(Hφ+ φ′),i = 4πm−2pl a2δT 0i (B23)
[
φ′′ + 3Hφ′ + (2H+H2)φ] δij = −4πm−2pl a2δT ij (B24)
We will use those equations in the next subsection to find the dynamics of perturbations.
3. Scalar-Tensor interaction
We left to appendix the details of derivations of the coupling current between the gauge invariant scalar mode φ
and the gravitons. We start with the usual Einstein-Hilbert action written in ADM form [25] plus the Klein-Gordon
action for the inflaton
S =
m2pl
2
∫
d4x
[
Ng1/2(KijK
j
i −K2) +
1
2
(g1/2gijN),i(ln g),jN,i(g
1/2gij),j − 1
2
g1/2N (3)Γkijg
ij
,k
]
+
∫
d4x
√−g
[
1
2
gµνϕ
;µϕ;ν − V (ϕ)
]
(B25)
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where 2Kij = N
−1[Ni;j +Nj;i− g′ij ] is the extrinsic curvature tensor, N the lapse function and N,i the shift function.
The extrinsic curvature tensor provides no contributes to this coupling: terms with scalar perturbations are accom-
panied with a Kronecker delta which when multiplied by tensor gravitons puts them terms of the form φ2hii and that
due to the traceless of h do not add to the coupling between them.
The other terms in the action contribute to the coupling.
1
2
m2plN,i(g
1/2gij),j =
1
2
m2pla
2 [φ,i − φφ,i]
{(
1− 3φ+ 3
2
φ2
)
[(
1 + 2φ+ φ2
)
δij − (1 + 4φ) hij
]}
,j
and retaining the terms of two scalar and one graviton is simplified in
1
2
m2plN,i(g
1/2gij),j = −1
2
m2pla
2φ,iφ,jhij (B26)
−1
2
m2pl
1
2
Ng1/2Γkijg
ij
,k = −
1
4
m2pla
2
(
1 + φ− 1
2
φ2
)
(
1− 3φ+ 3
2
φ2
)
[φ,kδij − φ,iδkj − φ,jδki
+
1
2
(hik,j + hjk,i − hij,k)
]
[(2φ,k + 8φφ,k) δij − 4φ,khij − (1 + 4φ)hij,k]
that keeping only the terms contributing to the interaction is reduced to
− 1
2
m2pl
1
2
Ng1/2Γkijg
ij
,k = −2m2pla2φ,iφ,jhij (B27)
1
2
m2pl
1
2
(g1/2gijN),i
g,j
g
=
1
2
m2pla
2
{(
1− 3φ+ 3
2
φ2
)
(
1 + φ− 1
2
φ2
)[(
1 + 2φ+ 4φ2
)
δij − (1 + 4φ) hij
]}
,i
(
1 + 6φ− 12φ2) (−6φ,j + 24φφ,j)
simplified in
1
2
m2pl
1
2
(g1/2gijN),i
g,j
g
= 3m2pla
2φ,iφ,j (B28)
Regarding the action of the inflaton, the only term that contributes to the interaction is that contain gij , since
none of the other components of the metric contains terms in hij . Then, for the inflaton
1
2
Ng1/2gijϕ,iϕ,j =
1
2
a2 (1− 3φ) (1 + φ) (1 + 4φ) δϕ,iδϕ,jhij
1
2
Ng1/2gijϕ,iϕ,j =
1
2
a2δϕ,iδϕ,jhij (B29)
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4. Free scalar perturbations and CBR temperature
The evolution of φ is obtained from the perturbed Einstein’s equations. Subtract equation (B22) from (B24) and
using (B21) for the spatial part of the perturbations of the energy-momentum tensor result on,
φ′′ + 2
(
a
ϕ′0
)′
ϕ′0
a
φ′ −∇2φ+ 2ϕ′0
(H
ϕ′0
)′
φ = 0 (B30)
Making the change of variable u = (a/ϕ′0)φ, the last equation can be written as the Bessel equation with a time
dependent mass term
u′′ −∇2u− (z′′/z)u = 0; z = H/aϕ′0 (B31)
Expanding u in its Fourier modes result the harmonic oscillator equations with a time depended frequency,
u′′k + ω
2
k(η)uk = 0, ωk(η) = k
2 − z′′/z (B32)
The last equation can be resolved for two limits: one for short-wavelength modes (with λfis = a/k << H
−1, ie
aH << k) and another for long wavelength modes when the modes are crossing the Hubble radius.
Using the slow-roll conditions to neglect the terms involving the time derivative of the inflaton we obtain
z′′
z
≈ −2a2H2 (B33)
and the equation for the modes uk results
u′′k(η) = −(k2 + 2a2H2)uk(η) (B34)
In the short-wavelength limit the modes present an oscillating behavior
uk(η) ≃ uk(ηi)eik(η−ηi) (B35)
Then, in short wavelength limit the perturbation φ(x, η) results
φ(x, η) =
∫
d3k
ϕ′
a(η)
uk(ηi)e
ik(η−ηi)eikxaˆk + c.c (B36)
and using that during inflation ϕ′/a(η) =
√
ǫmpl
φ(x, η) =
∫
d3kφk(ηi)e
ikηeikxaˆk + c.c (B37)
where
φk(ηi) = Huk(ηi) (B38)
Once the modes cross the horizon, ke ∼ aH , their amplitudes (φk(ηi)) are frozen until they re-enter into the recom-
bination era. At this stage their amplitudes are amplified and can be related to the inflationary stage through the
equation [23, 24]
φk(ηi) =
1 + 23 [1 + ω(ηrec)]
−1
1 + 23 [1 + ω(ηi)]
−1 φ(ηrec)
φk(ηi) ≈ ϕ˙
2
V (ϕ)
φ(ηrec) (B39)
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where ηi and ηrec are the k dependent times of initial and final Hubble radius crossing and ω(η) = p/ρ.
Moreover, using the Sachs-Wolfe effect [1] we can relate the scalar perturbation with anisotropies in the Cosmic
Background Radiation during recombination period as follows
φ(ηrec) +
δT
T0
= cte
V (ϕ)
ϕ˙2
φ(ηi) +
δT
T0
= cte (B40)
Appendix C: Decoherence functional computation
After the rewrite the decoherence functional in terms of the coupling current given for (2) and integrate in d3y and
d3y′ we obtain
Im(SIF ) =
∫
dηdη′d3xd3x′
d3k
(2π)3
d3k′
(2π)3
d3k′′
(2π)3
d3q
(2π)3
d3p
(2π)3
d3q′
(2π)3
d3p′
(2π)3
AkijA
k′
lmqipjq
′
lp
′
me
ikxeik
′x′m2pla
2(η)a2(η′)
{
αk′′
[
δ(k′′ − k)δ(k′′ + k′) + δ(k′′ + k)δ(k′′ − k′)]+ βk′′ [δ(k′′ − k)δ(k′′ + k′)− δ(k′′ + k)δ(k′′ − k′)]}
(
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 qp+ i32m2plϕ′−2pH
)
(η)
(
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 q′p′ + i32m2plϕ′−2p′H
)
(η′)
{
φ∗q(η)φ
∗
p(η)φq′ (η
′)φp′ (η
′)ei(q+p)xe−i(q
′+p′)x′(aˆ−1q aˆ
−1
p − aˆ−2q aˆ−2p )(aˆ+1q′ aˆ+1p′ − aˆ+2q′ aˆ+2p′ ) + other comb
}
(C1)
We use the Dirac’s deltas to simplify the modes k and k′ (only remains k′′ and we recall it as k to simplify). Later,
we use the Fourier expansion on φ to integrate in d3x and d3x′. Then, the decoherence functional results
Im(SIF ) =
∫
dηdη′
d3k
(2π)3
d3q
(2π)3
d3p
(2π)3
d3q′
(2π)3
d3p′
(2π)3
AkijA
k
lmqipjq
′
lp
′
mm
2
pla
2(η)a2(η′)
(
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 qp+ i32m2plϕ′−2pH
)
(η)
(
1 + 16m2plϕ
′−2
0 H2 − 16m2plϕ′−20 q′p′ + i32m2plϕ′−2p′H
)
(η′)
{
(αk + βk)
[
φ∗q(η)φ
∗
p(η)φq′ (η
′)φp′(η
′)δ(k+ q+ p) δ(−k− q′ − p′)(aˆ−1q aˆ−1p − aˆ−2q aˆ−2p )(aˆ+1q′ aˆ+1p′ − aˆ+2q′ aˆ+2p′ )
]
+(αk − βk)
[
φ∗q(η)φ
∗
p(η)φq′ (η
′)φp′ (η
′)δ(−k+ q+ p) δ(k − q′ − p′)(aˆ−1q aˆ−1p − aˆ−2q aˆ−2p )(aˆ+1q′ aˆ+1p′ − aˆ+2q′ aˆ+2p′ )
]
+ other comb
}
(C2)
Now the modes p and p′ are simplified using deltas and the quantum operators are replaced by stochastic functions
as in (11).
Im(SIF ) =
∫
dηdη′
d3k
(2π)3
d3q
(2π)3
d3q′
(2π)3
AkijA
k
lmm
2
pla
2(η)a2(η′)
{
(αk + βk)qi|k+ q|jq′l|k+ q′|mφ∗q(η)φ∗|k+q|(η)φq′ (η′)φ|k+q′|(η′)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q|k+ q|+ i32m
2
pl
ϕ′20
|k+ q|H
)
(η)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q′|k+ q′|+ i32m
2
pl
ϕ′20
|k+ q′|H
)
(η′)
14
L3
(
f∗1qe
−iθqf∗1|k+q|e
−iθ|k+q| − f∗2qe−iθqf∗2|k+q|e−iθ|k+q|
)
L3
(
f1q′e
iθq′ f1|k+q′|e
iθ|k+q′| − f2q′eiθq′ f2|k+q′|eiθ|k+q′|
)
+(αk − βk)qi|k− q|jq′l|k− q′|mφ∗q(η)φ∗|k−q|(η)φq′ (η′)φ|k−q′|(η′)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q|k− q|+ i32m
2
pl
ϕ′20
|k− q|H
)
(η)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q′|k− q′|+ i32m
2
pl
ϕ′20
|k− q′|H
)
(η′)
L3
(
f∗1qe
−iθqf∗1|k−q|e
−iθ|k−q| − f∗2qe−iθqf∗2|k−q|e−iθ|k−q|
)
L3
(
f1q′e
iθq′ f1|k−q′|e
iθ|k−q′| − f2q′eiθq′ f2|k−q′|eiθ|k−q′|
)}
(C3)
where L3 is the volume where the stochastic functions were defined.
Using equation (13) to rewrite the decoherence functional in terms of the CBR temperature fluctuations we obtain
Im(SIF ) ≈ m2pl
[
ϕ˙2
V
]4
L3
∫
d3k d3q dη dη′a2(η)a2(η′).
{
(αk + βk)
[
Akijqi|k+ q|j
]2
eiq(η
′−η)ei|k+q|(η
′−η)
[
δT1(q)
T0
δT1(|k+ q|)
T0
− δT2(q)
T0
δT2(|k+ q|)
T0
]2
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q|k+ q|+ i32m
2
pl
ϕ′20
|k+ q|H
)
(η)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q′|k+ q′|+ i32m
2
pl
ϕ′20
|k+ q′|H
)
(η′)
+ (αk − βk)
[
Akijqi|k− q|j
]2
eiq(η
′−η)ei|k−q|(η
′−η)
[
δT1(q)
T0
δT1(|k− q|)
T0
− δT2(q)
T0
δT2(|k − q|)
T0
]2
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q|k− q|+ i32m
2
pl
ϕ′20
|k− q|H
)
(η)
(
1 + 16
m2pl
ϕ′20
H2 − 16m
2
pl
ϕ′20
q′|k− q′|+ i32m
2
pl
ϕ′20
|k− q′|H
)
(η′)
}
(C4)
The histories of the CBR fluctuations are taken as follows: we consider that this histories are the same except in
a small window centered at q0. Moreover, one of this histories is the observed Harrison-Zel’dovich spectrum and the
another history remains unspecified.
The limits in the integral are defined by the modes which stay inside the Hubble horizon during inflation. The
long wavelength modes cross the horizon at the beginning of inflation, therefore the minimum mode is the order of
the horizon at the initials times of inflation, kmin ∼ aiH ; by other hand, the short wavelength modes exit at the end
of inflation and give as the maximum possible wave number kMax ∼ afH . Then, the integral in d3k takes the limits
[aiH ; afH ].
Im(SIF ) ≈
m2plǫ
4
H4
L3(δq0)
3
[
δT1(q0)
T0
− δT2(q0)
T0
]2 ∫
d3k dη dη′
1
η2
1
η′2
{
1 + k2ηη′ + k(η − η′)
k3ηη′
[
Akijqi|k+ q|j
]2
eiq0(η
′−η)ei|k+q0|(η
′−η) 1
|k+ q0|3(
1 +
16
ǫ
− 16
ǫ
η2q0|k+ q0| −
i32
ǫ
η|k+ q0|
)(
1 +
16
ǫ
− 16
ǫ
η′2q0|k+ q0| −
i32
ǫ
η′|k+ q0|
)
+
1 + k2ηη′ − k(η − η′)
k3ηη′
[
Akijqi|k− q|j
]2
eiq0(η
′−η)ei|k−q0|(η
′−η) 1
|k− q0|3(
1 +
16
ǫ
− 16
ǫ
η2q0|k− q0| −
i32
ǫ
η|k− q0|
)(
1 +
16
ǫ
− 16
ǫ
η′2q0|k− q0| −
i32
ǫ
η′|k− q0|
)}
(C5)
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where we use equation (B6) for ϕ˙2/V , equation (B9) for the scale factor, equation (B10) for ϕ′ and we replace α±β
for equation (18).
At this point there only remains to integrate over the conformal times and in the k mode. First it is convenient
to integrate over the conformal times. This integral must be done from ηi until each mode crosses the horizon,
ηe(k) ∼ −1/k. Since at the beginning of inflation the conformal time is extremely large in absolute value, we may
keep only the quadratic term in the coupling current.
Im(SIF ) ≈
m2plǫ
4
H4
L3(δq0)
3
[
δT1(q0)
T0
− δT2(q0)
T0
]2 ∫
d3k
∫ ηe
ηi
∫ η′e
ηi
dη dη′
1
η2
1
η′2
{
1 + k2ηη′ + k(η − η′)
k3ηη′
[
Akijqi|k+ q|j
]2
eiq0(η
′−η)ei|k+q0|(η
′−η) 1
|k+ q0|3
16
ǫ2
q20 |k+ q0|2η2η′2
+
1+ k2ηη′ − k(η − η′)
k3ηη′
[
Akijqi|k− q|j
]2
eiq0(η
′−η)ei|k−q0|(η
′−η) 1
|k− q0|3
16
ǫ2
q20 |k− q0|2η2η′2
}
(C6)
where ηe ∼ −1/k and η′e ∼ −1/|k± q0| are the times when the modes k and |k± q0| crosses the horizon.
After integrating and taking the real part, the decoherence functional is
Im(SIF ) ≈
m2plǫ
4
H4
L3(δq0)
3I(ηi, q0)
[
δT1(q0)
T0
− δT2(q0)
T0
]2
(C7)
where I(ηi, q0) is
I(ηi, q0) =
∫
d3k
{
16q20
ǫ2k3|k+ q0|
[
Akijqi|k+ q|j
]2
[(
Ci[1 +
|k+ q0|
q0
]− Ci[q0ηi(1 + |k+ q0|
q0
)]
)(
Ci[1 +
q0
|k+ q0|
]− Ci[q0ηi(1 + |k+ q0|
q0
)]
)
+
k2
(q0 + |k+ q0|)2
(
cos[
|k+ q0|2 − q20
q20 |k+ q0|
]− cos[(q0 + |k+ q0|)(ηi +
1
q0
)]− cos[(q0 + |k+ q0|)(ηi +
1
|k+ q0|
)] + 1
)
+
k
q0 + |k+ q0|
(
Ci[1 +
|k+ q0|
q0
]− Ci[q0ηi(1 + |k+ q0|
q0
)]
)(
− sin[1 + q0|k+ q0|
]− sin[q0ηi(1 + |k+ q0|
q0
)]
)
+
k
q0 + |k+ q0|
(
Ci[1 +
q0
|k+ q0|
]− Ci[q0ηi(1 + |k+ q0|
q0
)]
)(
sin[1 +
|k+ q0|
q0
] + sin[q0ηi(1 +
|k+ q0|
q0
)]
)]
+
16q20
ǫ2k3|k− q0|
[
Akijqi|k− q|j
]2 [(
Ci[1 +
|k− q0|
q0
]− Ci[q0ηi(1 + |k− q0|
q0
)]
)(
Ci[1 +
q0
|k− q0|
]− Ci[q0ηi(1 + |k− q0|
qo
)]
)
+
k2
(q0 + |k− q0|)2
(
cos[
|k− q0|2 − q20
q20 |k− q0|
]− cos[(q0 + |k− q0|)(ηi +
1
q0
)]− cos[(q0 + |k− q0|)(ηi +
1
|k− q0|
)] + 1
)
+
k
q0 + |k− q0|
(
Ci[1 +
|k− q0|
q0
]− Ci[q0ηi(1 + |k− q0|
q0
)]
)(
− sin[1 + q0|k− q0|
]− sin[q0ηi(1 + |k− q0|
q0
)]
)
+
k
q0 + |k− q0|
(
Ci[1 +
q0
|k− q0|
]− Ci[qηi(1 + |k− q0|
q0
)]
)(
sin[1 +
|k− q0|
q0
] + sin[q0ηi(1 +
|k− q0|
q0
)]
)]}
(C8)
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where Ci(x) = − ∫∞x cos tt dt is the integral cosine which is the real part of the exponential integral Ei(±ix) =
Ci(x) ± iSi(x)[32]. This function oscillates and has a bounded asymptotic behavior, then all terms that contain this
function are subdominant. The terms that comes of the product between the exponentials have a oscillating behavior
too, but there is one term that no oscillates. It comes from when η = η′ = ηi, so we retain only this term. The
parametric dependence on ηi is lost because it only appears in the integral cosines and sines.
Putting back the other comb in the calculation and having into account that Akijqi|k − q|j = |k × q|, there only
remains to compute
I(q0) =
∫
d3k
|k× q0|2q20
ǫ2k3
[
1
|k+ q0|
k2
(q0 + |k+ q0|)2
+
1
|k+ q0|
k2
(q0 − |k+ q0|)2
+
1
|k− q0|
k2
(q0 + |k− q0|)2
+
1
|k− q0|
k2
(q0 − |k− q0|)2
]
(C9)
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